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a b s t r a c t
It is shown that the Behrens radical of a polynomial ring, in either commuting or non-
commuting indeterminates, has the form of “polynomials over an ideal”. Moreover, in
the case of non-commuting indeterminates, for a given coefficient ring, the ideal does
not depend on the cardinality of the set of indeterminates. However, in contrast to the
Brown–McCoy radical, it can happen that the polynomial ring R[X] in an infinite set X of
commuting indeterminates over a ring R is Behrens radical while the polynomial ring R〈X〉
in an infinite set Y of non-commuting indeterminates over R is not Behrens radical. This
is connected with the fact that the matrix rings over Behrens radical rings need not be
Behrens radical. The class of Behrens radical rings, which is closed under taking matrix
rings, is described.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
Köthe’s famous problem [6] can be expressed as whether or not the polynomial ring in one indeterminate over a nil
ring is Jacobson radical [7]. In the context of this problem it was proved in [13] that the polynomial ring over a nil ring is
Brown–McCoy radical. This is a kind of an approximation of a positive solution of Köthe’s problem. (Note that the Jacobson
radical rings are Brown–McCoy radical and the Brown–McCoy radical can be considered as a “two-sided” analog of the
Jacobson radical.) In [2] this approximation was improved to become the Behrens radical, which lies between the Jacobson
and Brown–McCoy radicals. Recently this was improved further in [17] by showing that if I is a primitive ideal in the
polynomial ring R[x] in one indeterminate x over a nil ring R (the existence of such an ideal is equivalent to a negative
solution of Köthe’s problem), then I has the form of “polynomials over an ideal of R”, namely, I = J[x] for some ideal J of R.
However, the problems ofwhether these results (orwhich of them) can be extended tomore indeterminates (commuting
or non-commuting), are still open. Though some of them have been known and extensively studied already for a long
time [12], only a few results in their context have been obtained. It is known that if the polynomial ring in one indeterminate
over a ring R is Jacobson radical [16] (this implies that R is nil) or if R is a nil algebra of characteristic p > 0 [3], then the
polynomial ring in two commuting indeterminates over R is Brown–McCoy radical. It is also known [16] that the polynomial
ring in infinitely many commuting indeterminates over a ring R is Brown–McCoy radical if and only if the polynomial ring
in infinitely many non-commuting indeterminates over R is Brown–McCoy radical. This result was obtained independently
by a different method in [4].
The initial aim of our studies was to examine whether the last mentioned result can be extended to the Behrens radical
as well as to extend some results from [2] to polynomial rings in sets of commuting or non-commuting indeterminates. We
show that, in contrast to the Brown–McCoy radical, the Behrens radical is quite different for polynomial rings in commuting
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and non-commuting indeterminates. This is closely connected with the fact that matrix rings over Behrens radical rings
need not be Behrens radical. A specific example showing that was constructed in [2]. We extend this result considerably by
applying a different, more elementary method. Moreover, we show that the Behrens radical of a polynomial ring, in either
commuting or non-commuting indeterminates, has the form of “polynomials over an ideal”. We also obtain some results on
properties of this ideal. For instance, we show that in the case of non-commuting indeterminates it does not depend on the
cardinality of sets of indeterminates. We conclude the paper with some questions.
All rings considered in this paper are associative but not necessarily with unity. The usual extension of a ring R obtained
by adjoining unity is denoted by R∗. For terms not defined and basic facts used on radicals we refer to [5].
2. Behrens radical of matrix rings
For a given ring R and a positive integer n, we denote by Mn(R) the ring of n × n matrices over R. The polynomial ring
over R in a set X of commuting indeterminates is denoted by R[X]. Recall that a ring is Brown–McCoy radical if and only if
it cannot be homomorphically mapped onto a ring with unity, and that a ring is Behrens radical if and only if it cannot be
homomorphically mapped onto a ring with nonzero idempotents.
The following theorem is the main result obtained in [2].
Theorem 2.1. Let R be a ring. Suppose that, for every positive integer n and an arbitrary left ideal L of Mn(R), L[X] is Brown–McCoy
radical. Then R[X] is Behrens radical.
A specific example was constructed in [2] to show that in Theorem 2.1 one cannot restrict the assumption to left ideals
L of R only. It was based on a quite nontrivial example showing that matrix rings over Behrens radical rings need not be
Behrens radical. Nowwe show that such examples can be constructed muchmore easily. We shall write I C R (respectively,
I<l R, I<r R) to denote that I is an ideal (respectively, left ideal, right ideal) of a ring R. The matrix in Mn(R∗) with 1 as the
(i, j)-entry and zeros elsewhere is denoted by eij.
Theorem 2.2. Let L<l R. If LR∗ contains a nonzero idempotent, so does Mn(L) for some n.
Proof. Let e be a nonzero idempotent of LR∗. Then e = l1r1 + · · · + lnrn for some l1, . . . , ln ∈ L and r1, . . . , rn ∈ R∗. Set
a = r1ee11 + · · · + rneen1 and b = l1e11 + · · · lne1n. Clearly, ab ∈ Mn(L) and (ab)2 = a(ba)a = aee11b = ab. Consequently, ab is
an idempotent of Mn(L) and ab 6= 0 since (ba)2 = ee11 6= 0. 
Similarly one obtains a dual version (involving right ideals) of this result. The same concerns several other results in this
paper.
Remark. Note that in the above proof we got a bit more, namely, that the size of the matrix ring involved in the result is
equal to the number of summands in the presentation of the idempotent. This implies, in particular, that if L is amaximal left
ideal of LR∗ and LR∗ contains a nonzero idempotent, thenM2(L) contains a nonzero idempotent. Indeed, maximality implies
that Lr + L = LR∗ for some r ∈ R∗. Consequently, any nonzero idempotent e of LR∗ can be presented in the form e = l1r + l2
for some l1, l2 ∈ L, and from the proof of Theorem 2.2 it follows that M2(L) contains a nonzero idempotent.
Applying Theorem 2.2 one can easily show that matrix rings over Behrens radical rings need not be Behrens radical. The
following corollary substantially extends Example 1 in [2].
Corollary 2.3. Let D be a simple domain with unity and I a proper nonzero one-sided ideal of D. Then I is a simple Behrens radical
ring but Mn(I) is Behrens semisimple for some n.
Proof. Assume that I is a left ideal. The argument for right ideals is similar. Suppose that 0 6= J C I. Then DJ2D = D and
I = DI = DJ2DI = (DJ)J(DI) ⊆ IJI ⊆ J, so J = I. Hence I is a simple ring. Since I is a proper left ideal of a domain, it contains no
nonzero idempotents. Hence I is Behrens radical. Moreover, ID = D contains a unity. Hence by Theorem 2.2, Mn(I) contains
a nonzero idempotent for some n, so the simple ring Mn(I) is Behrens semisimple. 
Note that the ring I in the preceding corollary satisfies II∗ = I and it does not contain nonzero idempotents though Mn(I)
does for some n. This shows that the converse of Theorem 2.2 need not be true.
As another application of Theorem 2.2, the following corollary gives the structure of the endomorphism ring End(RR) of
a simple idempotent ring R as a right module over itself.
Corollary 2.4. Let R be a simple idempotent ring. Then the ring End(RR) is subdirectly irreducible with an idempotent heart.
Moreover, if the heart of End(RR) contains a nonzero idempotent, so does Mn(R) for some n.
Proof. For a given r ∈ R, letϕr be the leftmultiplication by r on R. Since R is a simple ring, themapϕ : r → ϕr is an embedding
of R into E = End(RR). Moreover, ψϕr = ϕψ(r) for any ψ ∈ E. Hence L = ϕ(R)<l E and IL 6= 0 for every nonzero ideal I of
E. Thus 0 6= IL ⊆ I ∩ L C L and so I ∩ L = L, since L ' R is simple. Hence L ⊆ I for every nonzero ideal I of E. This shows
that E is subdirectly irreducible and its heart H contains L. Hence H = LE = L2E = L(EL)E = H2. The last statement follows
immediately from Theorem 2.2. 
P.-H. Lee, E.R. Puczyłowski / Journal of Pure and Applied Algebra 212 (2008) 2163–2169 2165
The following proposition gives a description of rings over which some matrix rings contain nonzero idempotents. For a
subset S of a ring R, we denote by lR(S) and rR(S) the left and right annihilators, respectively.
Theorem 2.5. For a given ring R, the following conditions on R are equivalent:
(i) Mn(R) contains a nonzero idempotent for some n;
(ii) There exists a ring T and I<r L<l T such that R ' I and TI2T contains a nonzero idempotent;
(iii) There exists a ring U and J C K<l U such that J2 = 0, K/J ' R and KU contains a nonzero idempotent;
(iv) There exists a ring K and J C K such that J2 = 0, K/J ' R and Φ(K)E contains a nonzero idempotent, where E = End(KK)
and Φ : K → E is the homomorphism defined by Φ(k) = φk, the left multiplication by k on K.
Proof. To show that (i) implies (ii), it suffices to take T = Mn(R), L = Re11 + · · · + Ren1 <l T and I = Re11 <r L. Then obviously
R ' I and TI2T = Mn(R4) = Mn(R)4 contains a nonzero idempotent.
Suppose that (ii) is satisfied. Set U = Ie11 + ITe12 + TIe21 + Te22, K = Ie11 + TIe21 and J = TIe21. Then U is a subring ofM2(T)
since I<r L<l T. It is obvious that J2 = 0, J C K<l U, and K/J ' I ' R. Moreover TI2Te22 = TIe21ITe12 ⊆ KU, so KU contains a
nonzero idempotent and (iii) follows.
Suppose now that (iii) holds. Since K<l U, we may extend Φ to U by setting Φ(u) = φu for u ∈ U, where φu(x) = ux for
x ∈ K. Note that Φ(K)Φ(U) = Φ(KU) ' KU/(A ∩ KU), where A = lU(K). Since (A ∩ KU)2 = 0 and KU contains a nonzero
idempotent, so does KU/(A ∩ KU) ' Φ(K)Φ(U). Consequently Φ(K)E also contains a nonzero idempotent and (iv) follows.
Finally, suppose that (iv) is satisfied. Since Φ(K)<l E = End(KK) and Φ(K)E contains a nonzero idempotent, applying
Theorem 2.2 we get that Mn(Φ(K)) contains a nonzero idempotent for some n. Now Φ(K) ' K/B, where B = lK(K) C K with
B2 = 0. Thus Mn(K)/Mn(B) ' Mn(K/B) contains a nonzero idempotent and Mn(B)2 = 0, so the idempotent can be lifted to
Mn(K). Since J2 = 0, we have Mn(J)2 = 0 and so Mn(K/J) ' Mn(K)/Mn(J) contains a nonzero idempotent. Hence (i) holds and
the result is proved. 
From Theorem 2.5 and its proof we obtain the following corollary for simple rings, which extends Corollary 2.3.
Corollary 2.6. A ring R is a simple ring such that Mn(R) contains a nonzero idempotent for some n if and only if R ' L/rL(L) for
some nonzero idempotent left ideal L of a simple ring T containing a nonzero idempotent.
Proof. Weprove the “if” part first. Let rL(L) ( I C L<l T. Then LI 6= 0 and so 0 6= LIT C T. Hence, LIT = T since T is simple. Thus
L = L2 ⊆ TL = LITL ⊆ I and we get that I = L. Consequently R is a simple ring. Now LT = T contains a nonzero idempotent,
so Condition (iii) in Theorem 2.5 is satisfied and we get Condition (i) that Mn(R) contains a nonzero idempotent for some n.
To get the “only if” part it suffices to note that T = Mn(R) is a simple ring containing a nonzero idempotent, L = Re11 +
· · · + Ren1 <l T with 0 6= L = L2, rL(L) = Re21 + · · · + Ren1, and L/rL(L) ' Re11 ' R. 
In what follows we denote by β the class of Behrens radical rings. Let β = {R | Mn(R) ∈ β, n = 1, 2, . . .} and C = {A | A is
a simple ring such that Mn(A) contains a nonzero idempotent for some n}.
Proposition 2.7. R ∈ β if and only if R cannot be homomorphically mapped onto a subdirectly irreducible ring whose heart is in
C.
Proof. If R 6∈ β, then Mn(R) is not Behrens radical for some n, that is, there exists an epimomorphism f : Mn(R) → S, where
S is a subdirectly irreducible ring with heart H containing nonzero idempotents. The kernel K of f is then a semiprime ideal
ofMn(R) and so K = Mn(J) for some ideal J of R. Thus S ' Mn(R)/Mn(J) ' Mn(R/J). Since H2 = H, we have also H ' Mn(I/J) for
some ideal I of R containing J. Clearly R/J is subdirectly irreducible with heart I/J. Since Mn(I/J) ' H is simple, so is the ring
I/J and hence I/J is in C. This proves the “if” part.
To prove the “only if” part, suppose that R can be homomorphically mapped onto a subdirectly irreducible ring S whose
heart H is in C. Then Mn(H) contains a nonzero idempotent for some n. This shows that Mn(R) can be homomorphically
mapped onto the ring Mn(S)with nonzero idempotents, so Mn(R) is not Behrens radical and R 6∈ β. 
Recall that a radical class α is called hereditary (respectively, left hereditary, right hereditary) if, for arbitrary I C R
(respectively, I<l R, I<r R), R ∈ α implies I ∈ α. A radical α is called left strong (respectively, right strong) if, for arbitrary
I<l R (respectively I<r R), I ∈ α implies IR∗ ∈ α (respectively, R∗I ∈ α). And we call a radical an N-radical if it contains all
nilpotent rings and is left hereditary and left strong. It is known [15] that a radical is an N-radical if and only if it contains
all nilpotent rings and is left or right hereditary and left or right strong. In view of Corollary 2.3 we know that neither the
Brown–McCoy radical nor the Behrens radical is left (right) strong.
We conclude this section with a description of β in terms of N-radicals.
Proposition 2.8. β is the largest N-radical class contained in β.
Proof. First we show that β is a radical. Since every homomorphic image of a β-ring is again a β-ring, the same property is
also enjoyed by β. Suppose that R 6∈ β. Then, by Proposition 2.7, R can be homomorphically mapped onto some subdirectly
irreducible ring Swith heart H in C. ThusMn(H) contains nonzero idempotents for some n. For any nonzero ideal I of S,Mn(I)
contains nonzero idempotents and so S contains no nonzero β-ideal. Hence, β is indeed a radical.
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Next we show that β is an N-radical. Obviously it contains all nilpotent rings. (In fact, it contains all Jacobson radical
rings.) Applying the fact [14, Theorem 1] that β is a left hereditary radical one easily gets that β is also a left hereditary
radical. To show that β is left strong, suppose that L<l R and LR∗ 6∈ β. Then Mn(LR∗) 6∈ β for some n. Hence there exists an
epimomorphism f : Mn(LR∗) → S, where S is a subdirectly irreducible ring with heart H containing nonzero idempotents.
Clearly K = f (Mn(L)) is a left ideal of S and it is nonzero, for otherwise S2 = f (Mn(LR∗)Mn(LR∗)) = f (Mn(LLR∗)) =
f (Mn(L))f (Mn(LR∗)) = 0, a contradiction. Since S is a prime ring, 0 6= HK ⊆ H ∩ K and, since H is a simple ring, (H ∩ K)H = H
contains a nonzero idempotent. Hence, by Theorem 2.2,Mm(H∩K) contains a nonzero idempotent for somem. Consequently
Mmn(L) can be homomorphically mapped onto Mm(K), which contains a nonzero idempotent. Hence Mmn(L) 6∈ β and L 6∈ β.
These show that β is an N-radical.
Finally we show that β is the largest N-radical class contained in β. Suppose that α is an N-radical contained in β. Take any
ring R ∈ α and considerMn(R) for somepositive integer n. Set L = Re11+· · ·+Ren1 and I = Re21+· · ·+Ren1. Then I C L<l Mn(R∗).
Now I2 = 0, so I is in α. Then L is also in α since L/I ' R is in α. By the left strongness of α, Mn(R) = LMn(R∗) ∈ α ⊆ β. Hence
R ∈ β. Therefore α ⊆ β and the result follows. 
In the terminology of radical theory, Proposition 2.7 says that β is the upper radical determined by the class of subdirectly
irreducible rings whose hearts belong to C. Note that all such rings are prime, which shows that β is a special radical.
3. Behrens radical of polynomial rings
We start by showing that the Behrens radical β(R[X]) of the polynomial ring R[X] in a set X of commuting indeterminates
over any ring R has a very regular form. The case that X = {x} is a singleton follows easily from the following proposition,
which is of independent interest. Recall that, for rings R ⊆ Swith the same unity, we call S a finite centralizing extension of R
if there exist b1, . . . , bt ∈ S such that S = b1R+ · · · + btR and bir = rbi for all r ∈ R and i = 1, . . . , t.
Proposition 3.1. If S is a finite centralizing extension of R, then β(S) ∩ R ⊆ β(R).
Proof. As we know β(R) is the intersection of ideals I of R such that R/I is subdirectly irreducible with heart H/I containing
nonzero idempotents, where H is an ideal of R containing I. Obviously such an I is a prime ideal of R. By [10, Theorem 2.9]
and its proof there is a prime ideal P of S such that I = P ∩ R and P is an ideal of S that is maximal with respect to this
property. Then, for every ideal J of S strictly containing P, J ∩ R strictly contains I or equivalently (J ∩ R)/I is a nonzero ideal
of R/I. Consequently, (J ∩ R)/I contains H/I, so J contains H and hence J/P contains (H + P)/P which is not zero. Thus S/P is
a subdirectly irreducible ring with heart containing (H+ P)/P. Note that (H+ P)/P is a nonzero homomorphic image of H/I
which is a simple ring. Therefore (H+ P)/P ' H/I and so S/P is a subdirectly irreducible ring with heart containing nonzero
idempotents. Thus each such P contains β(S) and so β(R) contains β(S) ∩ R. 
The following example shows that the inclusion in Proposition 3.1 can be strict.
Example. Let K be the field of rational functions in indeterminates xi, i = 0,±1,±2, . . . , with coefficients in the field R
of real numbers and let σ be the R-automorphism of K defined by σ(xi) = xi+1. It is well known and easy to check that
the ring K[x, x−1;σ] of skew Laurent polynomials over K is a simple domain with R as its centre. Let H be the Hamilton
quaternion algebra over R. Then T = H⊗R K[x, x−1;σ] is a simple R-algebra and T ' H(K)[x, x−1;σ], where H(K) is the
Hamilton quaternion algebra over K and σ is the canonical automorphism of H(K) induced by σ. Clearly H(K) is a division
R-algebra and T ' H(K)[x, x−1;σ] is a domain. Let L be a maximal left ideal of K[x, x−1;σ] and L = H⊗R L. By Corollary 2.3, L
is a Behrens radical ring. Let R = R+ L be the subalgebra of T generated by L and R. Then L is an ideal of R and so L ⊆ β(R). Let
S = R⊗R C, where C is the field of complex numbers. Clearly S is a finite centralizing extension of R. Now H⊗R C ' M2(C),
so L⊗R C ' M2(L⊗R C). By Theorem 2.2 and the remark following that theorem, we get that M2(L) contains a nonzero
idempotent, so the ideal L⊗R Cof S is not a Behrens radical. Ifβ(R) ⊆ β(S), then L ⊆ β(S) and so L⊗R C ⊆ β(S), a contradiction.
Consequently β(R) 6⊆ β(S).
We are now in a position to show that the Behrens radical satisfies the Amitsur property [5,8] which is stated in the
following theorem.
Theorem 3.2. β(R[x]) = (β(R[x]) ∩ R)[x] for every ring R.
Proof. First note that, for an arbitrary ring T 6= T∗, T[x] is an ideal of T∗[x] and so β(T[x]) ⊆ β(T∗[x]). On the other hand,
T∗[x]/T[x] ' Z[x], where Z is the ring of integers. Since Z contains no nonzero nil ideals, Z[x] is Jacobson semisimple. Thus
Z[x] is a subdirect sum of fields, and so is Behrens semisimple. Hence β(T[x]) = β(T∗[x]).
According to [1,8], in order to show that a hereditary radical α satisfies α(R[x]) = (α(R[x]) ∩ R)[x] for every ring
R, it suffices to check that if A is a ring of prime characteristic p, then α(A[x]) ∩ A[xp − x] ⊆ α(A[xp − x]). We show
that this condition is satisfied by β which is a hereditary radical. If A has a unity, the result follows immediately from
the preceding proposition since A[x] is a finite centralizing extension of A[xp − x]. As to a ring A without unity, we have
β(A[x]) ∩ A[xp − x] ⊆ β(A∗[x]) ∩ A∗[xp − x] ⊆ β(A∗[xp − x]) = β(A[xp − x]). Thus the result follows. 
Now we extend Theorem 3.2 to arbitrary sets of commuting indeterminates.
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Theorem 3.3. Let X be a set of commuting indeterminates over a ring R. Then β(R[X]) = (β(R[X]) ∩ R)[X].
Proof. Consider first the case that X = {x1, . . . , xn} is a finite set and proceed by induction on the cardinality n of X. The
case of n = 1 follows from Theorem 3.2. So we assume that n > 1 and the result is true for n − 1 indeterminates. Then
β(R[X]) = (β(R[X]) ∩ R[x1])[x2, . . . , xn] = ((β(R[X]) ∩ R[x2, . . . , xn])[x1] ∩ R[x1])[x2, . . . , xn] = (β(R[X]) ∩ R[x2, . . . , xn] ∩
R)[x1][x2, . . . , xn] = (β(R[X]) ∩ R)[X].
Assume next that X is an infinite set. Note that (β(R[X])∩ R)[X] ⊆ β(R[X]) since β(R[X]) is an ideal of R[X] considered as a
Z[X]-algebra [8, Lemma 1]. Now we show the converse inclusion. Let z ∈ β(R[X]), then z ∈ R[Y] for some finite subset Y of X.
By the preceding paragraph, we have β(R[X]) = (β(R[X])∩ R[X \ Y])[Y], so z ∈ β(R[X])∩ R[Y] = (β(R[X])∩ R[X \ Y] ∩ R)[Y] =
(β(R[X]) ∩ R)[Y] ⊆ (β(R[X]) ∩ R)[X]. Hence β(R[X]) ⊆ (β(R[X]) ∩ R)[X] and the proof is complete. 
As was shown in the previous section, matrix rings over Behrens radical rings need not be Behrens radical. We will
improve this result further by showing that even if all the polynomial rings in any set of commuting indeterminates over a
given ring are Behrens radical, that does not guarantee the matrix rings over this ring to also be Behrens radical. We start
with the following.
Theorem 3.4. Let R be a simple idempotent ring which is Behrens radical. If either Mn(R) is Behrens radical for every n or the
centroid of R is an algebraically closed field, then R[X] is Behrens radical for every set X of commuting indeterminates over R.
Proof. Assume on the contrary that R[X] is not Behrens radical for some set X of commuting indeterminates over R. Then
there is a finite subset Y of X such that R[Y] is not Behrens radical. Let C be the centroid of R. Then C is a field, R is a C-algebra
and R[Y] ' R⊗C C[Y]. Suppose that φ : R[Y] → S is a homomorphism of R[Y] onto a subdirectly irreducible ring S with
heart H containing nonzero idempotents. Let J be the kernel of φ. Then J is a C-ideal of R[Y]. Indeed, CJ is an ideal of R[Y] and
(CJ)2 ⊆ CR[Y]CJ ⊆ R[Y]J ⊆ J, so CJ ⊆ J since R[Y]/J ' S is a prime ring. Hence S is a C-algebra and there exists a C-ideal
K of R⊗C C[Y] such that S ' (R⊗C C[X])/K. Since R is a simple idempotent algebra over its centroid C, we have K = R⊗C I
for some C-ideal I of C[Y] and consequently S ' R⊗C(C[Y]/I). Moreover, since S is a prime ring, C[Y]/I is a commutative
domain. Now S is a C-algebra, so its heart H = SH is a C-ideal. Hence there exists a C-ideal L of R[Y] containing I such that
H ' R⊗C(L/I). Since H is a simple ring, L/I is also a simple ring, so L/I is a field. However, L/I is an ideal of C[Y]/I, so the
unity of L/I is the unity of C[Y]/I. Hence, C[Y]/I = L/I is a field. By the Hilbert Nullstellensatz, C[Y]/I is a finite extension over
C. Thus S ' R⊗C(C[Y]/I) can be embedded into Mn(R) for some n. Consequently, Mn(R) contains a nonzero idempotent and
hence is not Behrens radical.
If C is algebraically closed, then C[Y]/I ' C and R ' S contains nonzero idempotents, a contradiction. Thus the proof is
complete. 
If R is a Jacobson radical ring, then obviously Mn(R) is Behrens radical for every n. Hence, by Theorem 3.4, if R is a simple
Jacobson radical ring, then R[X] is Behrens radical for every set X of commuting indeterminates over R.
Remark. The first part of Theorem 3.4 can be also obtained as a consequence of Theorem 2.1 and the fact [11, Proposition 3]
that, for every simple idempotent ring A without unity, A[X] is Brown–McCoy radical. Indeed, if R[X] is not Behrens radical,
then, for some n and some left ideal L of Mn(R), L[X] is not Brown–McCoy radical by Theorem 2.1. Let φ : L[X] → S be an
epimorphism where S is a simple ring with unity. Then φ(L2[X]) = φ(L[X]2) = φ(L[X])2 = S2 = S. Now φ(rL2(L2)[X]) is an
ideal of φ(L2[X]) = S and φ(rL2(L2)[X])2 = φ(rL2(L2)[X]2) = 0, so φ(rL2(L2)[X]) = 0. Thus (L2/rL2(L2))[X] ' L2[X]/rL2(L2)[X]
can be homomorphically mapped onto S. Since Mn(R) is a simple ring and L2 is idempotent, L2/rL2(L2) is a simple ring such
that (L2/rL2(L2))[X] is not Brown–McCoy radical. This and the abovementioned fact imply that L2/rL2(L2) is a ring with unity.
However rL2(L2) is a nilpotent ideal of L2, so the unity can be lifted to a nonzero idempotent in L2 ⊆ Mn(R) and so Mn(R) is
not Behrens radical.
Corollary 3.5. There exists a simple ring R such that R[X] is Behrens radical for every set X of commuting indeterminates over R
while Mn(R) is Behrens semisimple for some n.
Proof. Let D be a simple domain with unity which is not a division ring and whose centre is an algebraically closed field F.
Let R be any nonzero proper left ideal of D.
By Corollary 2.3, R is a simple ring and Mn(R) is Behrens semisimple for some n. From [9, Lemma 3] it follows that the
centroid of R is isomorphic to F. Hence by Theorem 3.4, R[X] is Behrens radical for every set X of commuting indeterminates
over R. 
Nowwewill prove an analogue of Theorem 3.3 for left (right) hereditary radicals of polynomial rings in non-commuting
indeterminates. The polynomial ring in a set X of non-commuting indeterminates over a ring Rwill be denoted by R〈X〉. The
semigroup ring of a semigroup S over a ring Rwill be denoted by R[S]. We start with a straightforward lemma.
Lemma 3.6. Let S be the free monoid generated by a set X with card(X) ≥ 2 and x ∈ X. Then the left ideal Sx of S is a free
semigroup generated by the set Tx, where T is the submonoid of S generated by the set X \ {x}.
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Theorem 3.7. If α is a left (right) hereditary radical, then α(R〈X〉) = (α(R〈X〉) ∩ R)〈X〉 for any ring R and any set X of non-
commuting indeterminates over R with card(X) ≥ 2. Moreover, if card(X) ≤ ℵ0, then α(R〈X〉) ∩ R is independent of card(X), or
more precisely α(R〈X〉) ∩ R = α(R〈Y〉) ∩ R for some set Y with card(Y) = ℵ0.
Proof. We assume that α is left hereditary. Dual arguments apply when it is right hereditary.
Let us observe first that it suffices to prove the result for rings with unity. Indeed, if R is any ring, then R〈X〉 C R∗〈X〉, so
α(R〈X〉) = α(R∗〈X〉) ∩ R〈X〉 since α is hereditary. This in particular implies that α(R〈X〉) ∩ R = α(R∗〈X〉) ∩ R. Now, if the result
holds for R∗, then α(R〈X〉) = α(R∗〈X〉) ∩ R〈X〉 = (α(R∗〈X〉) ∩ R∗)〈X〉 ∩ R〈X〉 = (α(R∗〈X〉) ∩ R)〈X〉 = (α(R〈X〉) ∩ R)〈X〉.
Thus assume that R is a ring with unity. Let S be the free monoid generated by X. Then R〈X〉 is isomorphic to R[S]. Suppose
that α(R〈X〉) 6= 0, or equivalently α(R[S]) 6= 0. Pick any x ∈ X. Then 0 6= α(R[S])x ⊆ α(R[S]) ∩ R[Sx]. Since R[Sx]<l R[S] and
α is left hereditary, we have α(R[S]) ∩ R[Sx] ⊆ α(R[Sx]) and so α(R[Sx]) 6= 0. Denote by M the monoid obtained from Sx by
adjoining a unity. By Lemma 3.6, M is the free monoid generated by a set Y such that card(Y) = card(X) if X is infinite and
card(Y) = ℵ0 otherwise. Obviously R[Sx] C R[M], so α(R[Sx]) ⊆ α(R[M]) and hence α(R[M]) 6= 0. There are nonzero elements
r1, . . . , rn in R and distinct elements w1, . . . ,wn inM such that 0 6= r1w1 + · · · + rnwn ∈ α(R[M]). Take a y ∈ Y which does not
appear in any of w1, . . . ,wn. As above, r1w1y+ · · · + rnwny ∈ α(R[M]) ∩ R[My] ⊆ α(R[My]) ⊆ α(R[N])where N is the monoid
obtained fromMy by adjoining unity. By Lemma 3.6 again, N is the freemonoid generated by a set containingw1y, . . . ,wny of
cardinality equal to card(Y). Consequently, there are distinct y1, . . . , yn ∈ Y and an isomorphism of R[N] onto R〈Y〉mapping
r1w1y+ · · · + rnwny to a = r1y1 + · · · + rnyn, so a ∈ α(R〈Y〉). Let f : R〈Y〉 → R〈Y〉 be the isomorphism such that f (r) = r for all
r ∈ R, f (y1) = y1 + 1 and f (y) = y for y ∈ Y \ {y1}. Then r1 = f (a) − a ∈ α(R〈Y〉) ∩ R. Thus we have got that, for an arbitrary
ring R with unity, if α(R〈X〉) 6= 0 then I = α(R〈Y〉) ∩ R 6= 0. Obviously, I〈Y〉 C R〈Y〉 and I〈Y〉 ⊆ α(R〈Y〉). Hence I〈Y〉 ∈ α since
α is hereditary. Now card(X) ≤ card(Y), so I〈Y〉 can be homomorphically mapped onto I〈X〉 and hence I〈X〉 ⊆ α(R〈X〉). On
the other hand, for R = R/I, we have R〈Y〉 ' R〈Y〉/I〈Y〉 and so α(R〈Y〉) ∩ R ' (α(R〈Y〉)/I〈Y〉) ∩ ((R + I〈Y〉)/I〈Y〉) = 0, since
α(R〈Y〉)∩ (R+ I〈Y〉) = (α(R〈Y〉)∩R)+ I〈Y〉 = I〈Y〉. Consequently, α(R〈X〉) = 0 and so α(R〈X〉) ⊆ I〈X〉. Therefore α(R〈X〉) = I〈X〉
and hence α(R〈X〉)∩R = I. That is, α(R〈X〉) = (α(R〈X〉)∩R)〈X〉 and α(R〈X〉)∩R = α(R〈Y〉)∩R. As we have seen, if card(X) ≤ ℵ0,
then card(Y) = ℵ0. Thus the last statement follows. 
Remark. Let us note that the countability assumption on X is substantial for the second statement of Theorem 3.7. Indeed,
let α be the lower radical determined by all the countable rings, that is, the smallest radical class containing all the countable
rings. Clearly, the class of all the countable rings is hereditary and homomorphically closed. By [5, Corollary 3.4.13] and [5,
Proposition 3.4.4], if a ring R is not α-semisimple, then R contains subrings I0 C I1 C I2 = α(R) such that I0 is a nonzero
countable ring. Note that (I2I0I2)3 is an ideal of R contained in I0 and so is countable. This ideal is nonzero if R is semiprime.
Note that Z〈X〉 is a domain for every set X of indeterminates and any nonzero ideal of Z〈X〉 is uncountable if X is uncountable.
Hence α(Z〈X〉) = 0 for every uncountable set X of indeterminates though α(Z〈Y〉) = Z〈Y〉 for every countable set Y of
indeterminates. Thus the ideal α(Z〈X〉) ∩ Z of Z is dependent on card(X). 
For the Behrens radical one can get more as the following result shows.
Corollary 3.8. β(R〈X〉) = I〈X〉 for any set X of non-commuting indeterminates over a ring R with card(X) ≥ 2 where I =
β(R〈X〉) ∩ R is an ideal of R independent of X.
Proof. Since the Behrens radical is left and right hereditary, in view of Theorem 3.7, it sufffices to consider the case that X
is uncountable. Let I be the ideal of R such that β(R〈Y〉) = I〈Y〉 for any finite set Y of non-commuting indeterminates over
R. Then I〈X〉 is Behrens radical. Indeed, if I〈X〉 can be homomorphically mapped onto a ring with nonzero idempotents, so
can I〈Y〉 for some finite subset Y of X with card(Y) ≥ 2, contradicting the fact that I〈Y〉 = β(R〈Y〉) is Behrens radical. Hence
I〈X〉 ⊆ β(R〈X〉). On the other hand, for R = R/I, we have R〈X〉 ' R〈X〉/I〈X〉 and so β(R〈X〉) ' β(R〈X〉)/I〈X〉. For each finite
subset Y of X with card(Y) ≥ 2, we have β(R〈Y〉) ' β(R〈Y〉)/I〈Y〉 = 0. Hence β(R〈X〉) = 0 since R〈X〉 is a subdirect sum of
such rings R〈Y〉. Consequently, β(R〈X〉) = I〈X〉 and so β(R〈X〉)∩ R = I, which is an ideal of R independent of X. Thus the proof
is complete. 
As we have mentioned, it was proved in [4,16] that for every ring R, R[X] is Brown–McCoy radical for every infinite set
X of commuting indeterminates over R if and only R〈Y〉 is Brown–McCoy radical for every infinite set Y of non-commuting
indeterminates over R. Nowwe show that, though the Behrens radical is so closely related to the Brown–McCoy radical, the
counterpart of this result for the Behrens radical does not hold.
Corollary 3.9. There is a simple ring R such that R[X] is Behrens radical for every set X of commuting indeterminates over R and
R〈Y〉 is Behrens semisimple for every set Y of non-commuting indeterminates over R with card(Y) ≥ 2.
Proof. In view of Corollary 3.5, there is a simple ring R such that R[X] is Behrens radical for every set X of commuting
indeterminates over R and β(Mn(R)) = 0 for some n. If Y is a set of non-commuting indeterminates over Rwith card(Y) ≥ 2,
then by Corollary 3.8, β(R〈Y〉) = I〈Y〉 for some ideal I of R. Since Mn(Z) can be generated as a ring by two elements, there
is a homomorphism of Z〈Y〉 onto Mn(Z). Consequently there is a homomorphism of I〈Y〉 onto Mn(I) and so Mn(I) is Behrens
radical. However β(Mn(R)) = 0, so I = 0 and hence β(R〈Y〉) = 0. 
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4. Some open problems
In this section we state some related questions which we are interested in while not able to answer yet. We denote by u
the class of Brown–McCoy radical rings.
Question 1 ([12]). Suppose that R is a nil ring:
(a) Is R[X] ∈ u for every set X of commuting indeterminates over R ?
(b) Is R〈Y〉 ∈ u for every set Y of non-commuting indeterminates over R?
Question 2. Suppose that R is a nil ring, X is a set of commuting indeterminates
over R and Y is a set of non-commuting indeterminates over Rwith card(Y) ≥ 2:
(a) Is R[X] ∈ β?
(b) Is R〈Y〉 ∈ β?
Question 3. Suppose that R is a nil ring, X is a set of commuting indeterminates
over R and Y is a set of non-commuting indeterminates over Rwith card(Y) ≥ 2:
(a) Does R[X] ∈ u imply R[X] ∈ β?
(b) Does R〈Y〉 ∈ u imply R〈Y〉 ∈ β?
Question 4. For every integer n ≥ 2 does there exist a simple ring R such that Mn(R) ∈ β but Mn+1(R) 6∈ β?
Question 5. Is R〈X〉 ∈ β for every simple Jacobson radical ring R and any set X of non-commuting indeterminates over R?
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